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INTRODUCTION

a,B

n’k’Y(u,v) introduced

In this paper the analysis of the polynomials p
7 T.H. KOORNWINDER [4] will be continued.

In many respects, this class of orthogonal polynomials in two vari-
'les can be compared with the important class of Jacobi polynomials. In
\is analysis some properties of the Jacobi polynomials are generalized
» the polynomials p ’k’Y(u v).

The polynomials p :i’y(u,v) form an orthogonal set over a region
unded by two perpendicular straigt lines, 1 —u + v=0, 1 + u+ v =20
d by the parabola u2 = 4v = 0 touching these lines, with respect to the
ight function (1-u+v)u(]+u+v)6(u2-4v)Y which is singular at the boundary

the orthogonality region. For reasons of convergence it is required
at a,B,y > -1 and a + y + 3/2, B + v + 3/2 > 0. The main results of
ORNWINDER's paper are summarized in section 2.

In the subsequent sections a further analysis is given, using as the
in tools a number of partial differential operators. In [4] it is proved
at the polynomials p ’i’Y(u v) are eigenfunctions af a second order oper-

or D]’S’Y and a fourth-order operator DZ’B’Y, which are algebraically

dependent. Furthermore two second-order operators DI and D o585y are de-
9B’Y( 0""] B+1

ved with the property that DY n k-1

,V) = const. P ’Y(u,v) and

»Bsy otl, 8+1’Y(u,v) = const. p ’Y(u v). Then D ’B’ is given by
n-1,k=1 k 2
3By - &, ByY DY
D, .
In section 4 of this paper another pair of differential operators is

rived: these operators Ei’B and EOL’B’Y have the property that
»B_a,B,Y - o,B,y+l 05 B,y _a,B,Y+l] -

pn,k (u,v) const. p ]’ (u,v) and E pn_] K (u,v) =
const. P k’Y( ,V). Then anotﬁer fourth-order operator, which has the
1ynomials P ’E’Y(u v) as eigenfunctions, can be defined by
2By _ Ei B’Y E” B. This operator is explicitly expressed as a polynomial
D?’B’Y and D; B’Y. The operators DY and E_ o8 together play a similar

d

le for the polynomials p ’k’Y(u v) to that played by the operator = for

e Jacobi polynomials.
One of the first problems which arise is to find an explicit expression
r pa’i’Y(u,v). We have succeeded in finding an explicit expression of the
n, .
drigues—type by using the second-order operators D, and E . Expressing




ind E+ in (D_)* and (E_)* respectively we obtain a formula for
T’Y(u,v) which is similar to the Rodrigues formula for the Jacobi poly-
.als, but with the two second-order operators (D_)* and (E_)* instead

&»(section 5). However, the expression derived by us is rather compli-

:d and so we have tried to find other expressions for pi’E’Y(u,v). If
3

4 and y = +; the polynomials can be expressed as symmetric ([4], section

'r antisymmetric (section 3) products of Jacobi polynomials. In section
‘he polynomials with o,B = *} are expressed in terms of Jacobi polyno-
s. The case y = +} is comparable with the determimants of orthogonal

mnomials treated by KARLIN and McGREGOR [3]. The orthogonal set of
o, B

2 determinants of Jacobi polynomials gives Pl
b

(x+y,xy) after divid-
by (x-y).
In section 6 the explicit value of the quadratic norm for the poly-

als pz’i’y(u,v) is given. The quadratic norm is important for finding
b

ficients in Fourier expansions with respect to the polynomials
’Y(u,v) and will be used for the computation of some of the coefficients

he recurrence relations (section 9).
. . o e . ol . . .
Without knowing an explicit expression for pn’E’Y(u,v) it is possible
a8,y ;
n,k

The point (u,v) = (2,1) is a vertex of the orthogonality region, which

ind the value of p (2,1) by using the operators D, and-E_ (section

ably plays a similar role for the polynomials pg:E’Y(u,v) to that

(a’B)(x). The (unproved)

ed by thepoint x=1 for the Jacobi polynomialsAPn

thesis 1s that pz’i’Y(Z,l) is the absolute maximum of pi’i’Y(u,v) if
9 3
3> -3 and y 2 -3. For y = -} this maximum property follows directly
-1
the explicit expression of pg’i’ *(u,v) and the maximum property of
b

Jacobi polynomials.

The analysis of these polynomials suggests that not all powers <(n,k)
i and v appear in piZE’Y(u,v). This is proved in section 8 and it has a
er of consequences. An immediate consequence is that some theorems
h give alternative definitions for pg:E’Y(u,v) can be derived. Another
hat the number of terms in the recurrence relations is uniformly bounded
e for general polynomials in more than one variable this number depends
he degree of the polynomial. In section 9 the recurrence relations are
icitly given. For upgzﬁ’y(u,v) and vpﬁZE’Y(u,v) we obtain a five-term

a nire—termrecurrence relation, respectively. To build up pa’B’Y(u,v)
n,




B’Y(

1g the recurrence relations we need the formula for vpz’k
b

n = k, and then six terms remain.
Finally, in section 10 two quadratic transformation formul
en for the case o = B. These formulas together with the expl
1

ns for y = +4, vy = -1 yield explicit expressions for the cas

nd B are +i or -i.

PRELIMINARIES

In this section the main results obtained by KOORNWINDER [
marized.
Let N be the set of pairs of integers (n,k), n =2 k > 0, wi

phic ordering defined by
1) (m,£) < (n,k) < {m<nv(m=nAl<k)}.
olynomial q(u,v) is said to have degree (n,k) e N if:

# 0.

q(u,v) = z c Kum—zvﬂ, with c

(m,2)<(n,k) n,k

region with the properties .- u+ v >0, 1 + u+ v > 0 anc
denoted by R (cf. figure 1). In the region R the weight func
B’Y(u,v) is defined by:

2) ua’S,Y(u,V) = (1_u+v)a(l+u+v)6(u2_4V)Y.

(2,1)

R
(0’—])

figure 1

nly
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.exicoe-

v > (




IITION 2.1. For (n,k) € N and a,B,y > -

volynomials p

o,B
pn,k

-0 ,B,Y
J[ Phk (u,v) u

R

o, B
pn,k

D,

D,

'

D
+

perators

p&?

1

’Y(u,v) =u Vv

O 5

Oy

Oy

l,u+y+~%,6+y+%>0

o,B

o k’Y(u,v) are given by

+ a polynomial of degree lower than (n,k),

m—ﬂvﬂ ua’B’Y(u,v) dudv = 0 if (m,£) < (n,k).

’Y(u,v) satisfies:

B’-Ypa’B’Y(u,v) = —=[n(n+a+B+2v+2)+k (k+o+R+1) ] pu’B’Y(u,V),
n,k n,k
Oy 3.0 B,
BaY n,IE’\((u,V) = k(k+a+8+l)(n+Y+%)(n+a+B+Y+~§)pn:k Y (u,v),
0,8,y = 1 a+l,B+1,y :
P (u,v) k(D+Y+2)Pn_]’k_] (u,v) if k > 0,
0 if k =0,
B,y _a+tl,B+l,y = é a,Byy
-1 k=1 (u,v) = (k+a+B+l) (n+a+B+y+ 2)pn’k (u,v)
if k > 0.
are defined by:
2 2 2
BrY _ (2 9 _ _ - 2_ovP-oyy 2
= (—u +2v+2) 5 2u(v-1) 505V + (U =2v -2v) 5 +
Ju ov
+ [=(orBr2y+3)ur (26-20)] — +
+ [(B=a)u~(20+2B+2y+5)v—(2y+1)] é% ,
2 2 2
9 ] 3 3 3
ST 2t Yo TV 2t (r+ EO v
ou ov
Y o (mwr) " (1usn) TP DYo (1) (1w P =
2 2 2
d d 37\
= (lImu=v)(l+u+V)l—= + U —— + Vv —5 | +
:\au2 udv 8V2/
2 3
+ [(a=8) (u-2v-2) + (a+B+2)u(v-1)] = +
2 11, 2
+ [ (o+B+y+7/2) (mu™+2v) + (o~B)u(v=1) + (20+2B+y+ —2—)v +




+ (y+ %J] é% + (0'5)(Q+B+Y+'%)U+(G+B+2)(G+S+Y+ %DV+
2 |
+ (a=B)" + (y+3) (a+B+2),
asBsY _ n%sBsY oY
10) Dz = D+ oD_ .

sideration of (DI)*, the adjoint operator to DI, yields:

1) oN* = 0 = (2-40)Y DY (ui-4n) Y.
.ce.
12) oY = Y T D e ).
. operators Di’B’Y and DZ are related by:
13 f[ (Dz’B’YP(u,v»q(u,V)ua’B’Y(u,V) dudv =
R
- Y- at+l,B+1,y
= p(u’v)(D_Q(u:V))U (u,v)dudv,

R

: any two polynomials p(u,v) and q(u,v).
Let

0y
14 P = 2R B,

(n+oc+8+1)n

ire Péa’e)(x) denotes the Jacobi polynomial of order (a,B) (for Jacobi

ynomials see ERDELYI [2] or SZEGD [6]). Then

» 2P0 ol Py + i P 2P ifn sk

-1
2 =
pn,k (x"'y’x}’)

15)

I
o~

2P p P () if n




iE POLYNOMIALS pg’i’+2(u,v) AS AN ANTISYMMETRIC PRODUCT OF JACOBI .
9

OLYNOMIALS

Consider the antisymmetric product of Jacobi polynomials:

) £ ’B(x, ) = n+l(X) P, By - pg’B(X) P

(y)

n+1

(x) is defined by (2.14).
The polynomials f ’B(x,y) form an orthogonal set of antisymmetric
omials over the 31mp1ex - 1 <y < x <1 with respect to the weight
sion ((1-%) (1=y)*((1+x) (1+y))® (c£. [31). Then (x-y) ! fz’i(x,y) is
metric polynomial in x and y which can be uniquely expres;ed as a

omial in x + y = u and xy = v (see VAN DER WAERDEN [7,§33]).

3.1. (x—y)—l f ’B(x,y) P, E’+ (x+y,xy).

-

. Application of the definition of pa’B’Y(u,v) (definition 2.1) yields:
. % n,k

-1 .p Xm+l K_XE m+ 1
(x-y) fn’k’Y(x,y) = z e i_— b with C k= 1
’ (m,£)<(n,k) y ’
= (x+ )n-k( )k + a polynomial in (x+y) and
y Xy poly y
xy of degree lower than (n,k).
{(x—y)—1 £ ’B(x,y) is an orthogonal set with respect to the measure

x—y) ((1- x)(1~y)) ((1+x) (1+y)) dxdy = const.(l—u+v) (14+u+v) (u2-4v)
udv. [

-1

1
pﬁzi’+2<x+y,xy) = G 0 b Py - bl P ) 2.

PAIR OF DIFFERENTIAL OPERATORS WHICH CHANGE n AND vy

A pair of differential operators which change n and y can be found
ing (2.15) and (3.2) and the differential operators for the Jacobi

omials. Let us define:




1 o2 f (1-x) % (1+x) P é% (1-x) % (14x) BH1 g% .
2n
p%? 8 (x) = a B(x) where ¢ = -n(n+a+B+1)
(x) p Py n °
1Cce
0,B,+ .
(c_—c, )p>2™? 2(x+y xy) if n >
=1, a,B_ 0,8, 0,8, _|'n kK n-1,k
D Gy DD gy) Py Oy
0 if n =
1
1
.3) {D% ? (5 )} (x-y)p ’B’ 2(x+y xy) = (c -ck)p % 8," *(x+y,xy) if n >

mulas (4.2) and (4.3) now suggest the following definition:

asB _ o Ny hen@sB_asBy
E_ (x-y) {D( ) D( )}
“ 82 32 32 9 9
T U2 *2(vHl) gt u 2 + (o) + (a*B+2) =0 .

(Ef’B)* is the adjoint operator to EE’B then

2 2 2

asByx _ 9 ) 3 _ oy 0 _ _oy O

. 5) (E’7) =u 5+ 2(v+1) U5V +u 5 (B-a) v (a+B-2) 50
du av
e that
6)  EE* 2 £ o (eur)  (rurn) B ES B (1mury) ¢ (Trurn) TR
v we can define the operator Ei’B’Y as:
B Ty @B
) / a2 82 82\

2
(u —Qv)\u ;:7 + 2(v+1) YTy + u X 2/




+ [(arBray+6) (u™=4v) + 8(r+1) (v-1)] =
2 0
+ [(B-a) (u™=4v) + 4(y+1)u(v-1)] e

+ 2(y+1) (a+B+2y+3)u~4 (y+1) (B-a).

\ 4.1. IF

q, k(u,v) = un_kvk + a polynomial of degree lower than (n,k)

-1 k(u,v) = Un—k_lvk + a polynomial of degree lower than (n-1,k
(n—k)(n+k+a+s+1)un—k_lvk + a polynomial of
Ef’Bqn k(u,V)'—‘ degree lower than (n-1,k) Zf n > k,
a polynomial of degree equal or lower than
(n-1,n-1) Zf n = k,
a,B,Y n-k k .
E, A1 1 (WsV) = (n-k+2y+1) (n+k+a+B+2y+2)u’ v + a polynomial

of degree lower than (n,k) Zf n > k.
- Lemma 4.1 follows immediately from (4.4) and (4.7) 0

WINDER proved:

4.2. Let R be a bounded region in R? such that certain polynomials

V), wz(x,y),...,wk(x,y) are positive over R and the product

..... W 18 zero at the boundary JR.
o o
Irennnk be a partial differential operator in x, and y, Tts coeffi-

s being polynomials in x,y, o
a o e e 40
]9 s

s O

ERRRELT

he operator Y K pe defined by:

PPty 7O -ak<Xa1,...,ak\* a +i ock+1k

eo.i
1° k’
L8 operator also has coefficients that are polynomials in x,y,a

ertain non-negative integers i

s Ol

EREREL




O yeee,0 o +i o, +1
N N /% S "I Y B k k
= JJ \X p/qw] ...wk dxdy,
R
r any two polynomials p and q, and for all real Opsees Oy such tha
a a
1 k
f{ Woeeewy dxdy < o.
R
OOF. For sufficiently large G 50nsee 50 the equality follows from
a a
tegration because the function v, ...wkk and its partial derivativ

a certain order are zero at the boundary 3R. By analytic continua

e equality follows for all GpsenesOy such that
a a
JJ w]l...wkkdxdy < o, 0
R
sriting this lemma for Ef’s and Ei’B’Y we obtain:

[J p<Ei’8’Yq>ua’B’Y(u,v)dudv
R
.8)
) fj (Ef’8p>qu“’B’Y<u,v>dudv,
R

r any two polynomials p and q.

>m lemma 4.1, formula (4.8) and definition 2.1 it can be proved th

ROLLARY.

(n—k)(n+k+a+B+I)Pg:?’£+l(u,V) ifn>k
a,B 0B,y - ’
»9) E77p 77 (u,v)

]

0 2fn =k

al




10

(4.10) EQ,B’Y a,B,y+]

a
. ok (@V) = (n—k+2Y+])(n+k+u+8+2y+2)pn:E’Y(u,v)

Z2fn >k

(cf. the proof of theorem 5.4 in [4]).

Let us define the fourth order operator:

(4.11) Dg’B’Y - Ef’B’YoEf’B

The polynomials pa’B

&,B,Y.
n,k :

’Y(u,v) are eigenfunctions of D3

(4.12) Dg’S’sz’E’Y(u,v) = (n—k)(n-k+2y+l)(n+k+a+3+l)(n+k+a+6+2y+2)pi’£’Y@h

Hence Du’B’Y can be uniquely expressed as a polynomial in DOL’B’Y and DOL’B’Y
3 R 1 2

(cf.[4, theorem 6.5]). By considering the eigenvalues it is clear that

(4.13) Dg’B’Y = (D‘;"B’Y)2 - 40P - (2y+1)(a+B+I)D?’S’Y.

5. A RODRIGUES-TYPE FORMULA

Using (2.6) and (4.10),‘p§’E’Y(u,v) can be expressed in terms of poly-
b
nomials of lower degree.

In (2.6) and (4.10) we write DOL’B’Y and Ea’B’Y respectively as:
+ + y

2.1 DB = B T ) e B Y ()
and
A i DA Gl WL AT RN

An (n-k)-fold application of (4.10) and a k-fold application of (2.6) to
a+k,B+k,y+n-k

0.0 (u,v) = 1 yields:
’




r 3
(k+a+3+1)k(n+a+3+y+ E)k(n_k+2Y+l)n—k(n+k+u+e+zy+2)n-

2 2 2
o1 -a -B, 2 , \-Y) 3 ) )
= (l-utv) (l+utv) ~(u -4v) { —5 +u 5u3v + v 5
ou oV
)4
32 2 32 5
o{u —5 * 2(v+1) EYIrYE tu—5 - (B-a) v (a+B+2k-
Ju ov

(1=utv) “FE (Lrury) B (0 2-40) YRR
\

is is a Rodrigues-type formula for pg’i’Y(u,v). So far
b
¢gplicit" expression for pz’i’Y(u,v) in the case of gen
b

THE QUADRATIC NORM OF pz’i’Y(u,v)
b

The quadratic norm ha’B’Y of the polynomial pa,B,Y(
n,k n,k
0B,y _ a,BsY 2 0,8,Y
D bk ff o7 (W)t (u,v)dudv.
R

.. a .. .
2 explicit value of h 2By is important for calculatin
b

n,k

. . . . o

Fourier expansions with respect to the polynomials pn
ction 9).

From (2.13) and (4.8) we obtain the following recur

a,B,Y,
r hn,k :
1
k(n+y+ =
.2) R8sy (atv* ) atl,B+1,y
n,k (k+a+8+l)(n+a+B+Y+ _23‘) n_l ,k_]
d
3) hG,B’Y - (n"k)(n+k+a+8+1) a,B,y+l]
: n,k (n-k+2y+1) (n+k+o+B+2y+2) "n-1,k

repeated application of (6.2) and (6.3) we find:

’Y(u,V) -

3y 2k,
27 v

the only
5By

s defined

11

coefficients

,v) (cf.

relations




3
] - 1 -
N k! (n-k)!(n k+Y+5)k(2k+a+B+2)n-k .

a+k,B+k,y+n~-k
(k+a+8+1)k(n+a+8+y+%)k(n—k+2y+l)n_k(n+k+u+B+2y+2)n_k

0,0

oy _ 22023 LD (BT (y+1)

3 3
8 P(a+Y+§)F(B+Y+§)
0 B e

T (a+B+2y+3)

F(a+B+Y+%)

sBsY

a -
T p0,0 (U,V) =1,

h Y = JJ (l—u+v)u(1+u+v)8(u2—4V)Ydudv.

o,B
0,0
transforms under the substitution

u=x+y, vV = xy

1 X .
hg’S’Y = j { J (1—y)a(1+y)6(x-y)2Y+ldy}(l-x)a(1+X)de-
x=-1 y=-1

king the substitution t = (1+x)_1(l+y) and using

I
J 7 - P (ogg)T8ae = L@IT(emD) o Ly
0 T'(e) 271

1lows that:

Y _

]

a,B
h0,0

02

a T(R+1)T (2y+2) J+1 2R+2vy+2

o
I (B+2y+3) (1=x) " (1+x)

F (—a,3+l;8+2Y+3;li§)dx =
-1 271 2




13

= 2

2042B+2y+3 T (B+1)T (2y+2) f‘ oy 0 26¥27+2

I (B+2y+3) (1

2F (-0,B+1;B+2y+3;s)ds =
0 1

20+2B+2y+3 T (o+1)T (B+1)T (2y+2)T (2B+2y+3)
T (B+2y+3)T (a+p+2y+4)

=2 3F2(—a,8+],28+2y+3;

3 B+2y+3,0+2B+2y+4;1).

s function is of type 3F2(a,b,c;1+a—b,1+a—c;1) with a = 2B+2y+3,

3F)
: B+1 and c=-c and so the theorem of Dixon can be applied (see BAILEY

Chap. 3.1] or SLATER [5,(2.3.3)1). This proves the lemma. []
OLLARY. The quadratic norm hg’i’y 78 equal to:

24n+2d+25+4Y+3k3(n—k)!(n-k+Y+%)k(2k+“+8+2)n—k

/n(k+a+8+l)k(n+u+8+Y+%)k(n—k+2Y+l)n—k(n+k+a+8+2Y+2)n-k

F(k+a+l)F(k+8+1)F(n—k+y+1)F(n+a+y+%)?(n+8+¥+%)

F(n+k+a+8+y+%) T'(2n+o+B+2v+3)

THE VALUE OF pﬁ’B’Y(z,l)
b

It is possible to find the value of pz’i’Y(Z,l) by using the operators
b

B>y and Ei’B’Y. It is of interest to know this value because of the

othesis that for @ = B > - 4 and vy 2 - } the inequality

a,B,Y a,B,y
Py @ =7 72,1

valid. This hypothesis was proved for y = - 3. If y 2 - ; then it is

le if o« = B = - }. Further it holds for the polynomials
&+% G50,y +%,—%’Y
n (u,v), Pn,n— n, 0

Considering (2.9) and (4.7) we obtain the following equalities:

1
:z(u,v) and p (u,v).

(0225 Yp) (2,1) = 4(at1) (ary+)p(2,1)




(Ei’B’Yp)(z:l) = 8(Y+1)(OL+Y'!%)P(2,1) s

iny polynomial p(u,v).

4(at1) (aty+l)

P ’Y(Z ]) = 2 pa+]’8+1,y(2‘
k (k+a+8+1 ) (n-’:a.'.B.'_.Y*_g) n—1 ,k" 1 '
8(y+1) (aty+)
= 2 a,B’Y+1

a,sB,y
P,k 2,1 (n—k+2y+1) (n+k+a+B+2y+2) Pn-1,k

(7.1), (7.2) and pg’S’Y(u,V) = 1 it follows that
9

3n-k 3
2 (a+1) (y+1)__, Caty+3)

’ ’Y
(k+a+g+l)k(n+a+s+y+§)k(n—k+2y+])n_k(n+k

k. The relation

’Y(z 1) (10.1)

:Y n-k G,B
(-2,1) = 1¥ K2

’

iately gives the value of pz’i’y(—Z,l).
b
E COEFFICIENTS IN THE POWER SERIES OF p k’Y(u V)
For the coefficients a (n k,a,B,Y) in the expansion
* B’Y(u,V) ) . (n,k,a, B,Y)u vJ

n,k e

ollowing theorem holds:




‘OREM 8,1. a; J.(n,k,on,B,\() =0<f i+j > n+k or 1 > n.

9

this point it is useful to define the following partial ord:

: {(n,k)|n > k = O,n,k € N}:
2) (i,j) < (n,k) iff i <n and i+j < n+k.
1S
(i,7) < (n,k) <= ((i,j) < (n,k) A i+j < n+k).
sorem 8.1 is equivalent to:

.3) pa’i’Y(u,v) = Z a. .(n,k,a,B,y)ui—jVj.
i (i,j)<(n,k) 3

)OF OF THEOREM 8.1. The second statement is a consequence of

a,B

n,k a8

itement is trivially true for the polynomials pn’n’Y(u,v) be
b

on of p ’Y(u,v), because if 1 > n then (i,j) > (n,k). The

se i+j > n+n implies i > n. It is clear from (4.7) that

b

Ez’B’Yum_zvz = c; ut Iy
(i,)<(m+1,£) **3
r certain constants c; i By repeated application of the ope

3
’i’y(u,v) and by using (4.10) the theorem follows. [I

Corrollaries of theorem 8.1 are the next two theorems:

EOREM 8.2. Let

) p(u,v) = E c Kum-l)'v’K ’
(m, )< (n,k) ™
p certain constants c_ ,, with c =1, and
m, £ n,k
i) ” p(u,v)um—['vzua’s’Y(u,v)dudv =0 Zf (m4) < (n,k)
#

R




EM 8.3
mL L
z ‘m,2% Vo
DH<(n,k)
ertain :m,ﬂ’ with cn,k =1,
= Ap(u,v) for some
BsY
k. (uv)
B+2y+2) +k (k+a+B8+1)].
OF TH 'rom (i) it follows that can b 1 x—
ed as:
z clp P;’B’Y(u,V) ith c!
0R(n,k) T g
(i1) y
' = a,B,Y a,B ,
°m, £ ” P(U,V)Pm’ﬂ (u,v)u )dudv
R

if ( v (n,k)

proves e 0




¢ the proof of theorem 8.3 we need the following lemma:

3

MA 8.1. If (m,4) : (n,k) then A , # An,k, with

Am 2 = —[m(m+o+B+2y+2) +£L(L+a+B+1)].

JOF. The parameters a,B,Y satisfy a,B,y > - 1, a + vy +~%, B

>pose that (m,ﬂ)': (n,k) and Am,ﬂ = An,k' Then

(n-m) (n+m+a+B+2y+2) = (£-k) (L+k+a+B+1) .

i the factors n+m+a +B8 + 2y + 2 and L +k + o0 + B8 + 1 a
icen-m>0 and £ - k > 0. Observe that n + m + a + B + 2y
2L+ 1 +a+B+2y +2>2L +a+B+12L+k+o0+B+1
-m < £ - k contradicting the hypothesis (m,£) < (n,k). [

JDOF OF THEOREM 8.3. From (i) it follows that p(u,v) can be u

2ssed as:
a,B,Y . '
p(u,v) = z c' P (u,v) with ¢ =1
(m, £)< (0, k) m,£ "m,L n,k
en (ii) yields:
Z )\C' a’B’Y(u,V) _ z A c! ) POL’B’
(@, 0,k ™t ™t (m,0)%(n,k) WL WL Tml
om c' =1 it follows that
n,k
A o= An K -[n(n+a+B+2y+2)+ (k+a+R+1)]
' — [} .
d from An,k cm,K Am,ﬂ Cm,ﬂ and lemma 8.1 it follows that c

r (m,2) < (n,k) g
#

DuysyY
1
wers of u and v give the following explicit values for some

plication of to (8.3) and comparison of the coefficie

ficients a; j(n,k,a,B,y) in (8.3), which will be used in sec

oW
A\
o

itive.

y ex-—

equal
co-

for




omputation of the coefficients in the recurrence relations:

) an’k(n,k,a,B,Y) =1,

) an’k_l(n,k,a,e,y) = —(B-a)k/ (2k+a+B),

) A MwBY) = = k(1) (- (8-0) Y/ (2kkarB) }/ (2krars-1),
) an_]’k+1(n,k,a,8,v) = —(n-k) (n-k-1)/ (n~k+y-}),

e ket - (RGN ) | e

-2(n+k+a+B+Y+%)an_l’k_l(n,k,a,B,Y) =

~
A

= (B-oc)kan_],k+k(k+])an_1’k+l+2(n--k+2)(n—k+l)an’k_2

+ 2(8—a)(n—k+l)an _1+2(n—2k-y+%),

ki

3(n,k,a,B,y) and a k_4(n,k,a,8,y) do not depend on n and vy.
H]

i RECURRENCE RELATIONS .

for a further analysis of the polynomials pa’B’Y(u,v) it is useful

a Bn’k a,B
formulas for the series expansions of upn:k’Y(u,v) and vpn:k’Y(u,v
a,B,Y : a,B,Y a,B,Y
ms of pi,j (u,v). These formulas give pn+]’k(u,v) and Pn+1,k+1(u
lear combinations of lower degree polynomials.

: Expansion of upz’i’y(u,v). Consider the following equality:
3

a,B,Y m-£+1 £
up > (u,v) = z a u v
n,k @, 0)<(n,k) ™t

. m-£ £
a v

m, L v

)
(m, £)<(n+1,k)

sBsY
z b (nsk,as89Y)Pa (u,v),
(m, )< (n+1,k) "¢ m,
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th

= a,B,y -1 a,B,Y a,B,Y a,B,Y

.2) bm,ﬂ(n,k,a,s,y) {hm’£ } [J uPn,k (u,v)p (u,v)p (u,v)d
R

om symmetry it follows that:

1

_ 105 By 0 ByY T
. 3) bm’z(n’k’ass’Y) = hn,k {hm,ﬂ } bn’k(m:K’G’B’Y)-

ace bm’z(n,k,a,s,y) # 0 only if (m,£) > (n-1,k). And so the summation
(9.1) atmost runs through (m,£) ¢ {(n+1,k), (n+1,k-1), (n+1,k=-2), (n,k+1),

,k), (n,k-1), (n-1,k+2),(n-1,k+1),(n-1,k)}. The coefficients can be com-—

ted by means of (8.4), (9.1) and (9.3). The coefficients b

n+l,k-1’

'l,k+1’bn+1,k—2 and b _, ,,, turn out to be zero.

For the five remaining coefficients in (9.1) we obtain:

.4a) bn+1,k(n,k,a,8,y)

1,

4(n+y+1) (ntot+y+3) (n+B+y+1) (n+o+B+y+1)
(2n+a+8+2y)3(2n+a+8+2y+1)

bn_] ’k(n’k,a!B’Y)

.4b)
(n-k) (n—k+2v) (n+k+a+B+1) (n+k+a+B+2y+1)

3

(n—k+y—%)(n—k+y+%)(n+k+a+8+y+%)(n+k+a+8+y+%)

(n-k) (n-k+2y)

-4(:) bn’k+1(n,k,a,B’Y) = (n—k+ _%)(n_k+Y+_|2_) ’
L4d) b o (K,a,8,7) = 4k<k+a>(k+8><k+a+3>(n+k*@+6+12<n+k+a+3+2Y+
o, (2k+a+8—])3(2k+q+8)(n+k+u+8+y+§)(n+k+a+6+y+
1
. bde) bn,k(n,k,a,B,Y) = (B-a)(a+8){(2n+a+8+zy+])(2n+a+8+2¥+3) +

. (2n+o+B8+2) (2n+a+B+4y+2)
(2n+o+B+2y+1) (2n+a+B+2y+3) (2k+o+B) (2k+a+B+2)

we define

1

.5) pi:i’Y(u,v) = 0ifn<kor if k <0




the following five-term formula holds for upi’i’Y(u,v) for all
s
> 0:

a,
up ’k’Y(u v) = Pn+?:1(u,V) + bn k+1(n,k,a,8,y)pa’8’Y
b

n’kH(u,V) +

ﬁ + bn,k(n’ksa,B’Y)P ’ ’Y(u v) + b n,k- l(n k,o B,Y)pa S’Y(u v) +

RN CR TN ROl 3 RO

bm,z(n,k,a,B,y) given by (9.4).
llows that:

a,B,Y

0,8,
Pn+1,k(u’v) = ‘bn’k+](n,k,a,B,Y)Pn’B Y

- a,B,Y
’k+](u,V)+(u bn,k(“’k’“’B’Y))Pn,k (u,

- ,B,Y o B,Y
B, k-1 (MoK B5¥)P " 73 (uyv)=b ) (nsksa,B8,7)p 2 (u,v)
>k =2 0.
<. By application of the quadratic transformation formulas (10.5) and
) to (9.6), repeated application of ﬁ[ and analytic continuation, it

> proved that

a R+1
n,k

O, B 1

’Y(U v) = ’Y(u,v)+Ap

s Y ],Y OL,B"']:Y
Pn K (u,v)+Bp 1,k (u,V)+Cpn_]’k_](u,v

ifn2>2k >0,

\,B and C being functions of n,k,0,B and y to be determined from the
m-£ £
v .

-cients of u

(I: Expansion of VP k’Y(u v). Consider the equality:

0,B,Y a’BsY
vp 7 (u,v) = ) c  ,(n,k,0,B8,y)p (u,v),
ok (m,£)<(n+1,k+1) Wt m, ¢

c K(n,k,a,B,Y) = {h;’E’Y}_l JJ sz’i’Y(u,v)pg’i’Y(u,v)ua’B’Y(u,v)dudv
’ R
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letry it follows that:

_ 1 0sBsY 0By ]
Cm’ﬂ(n’k,a’BsY) = hn k {hm’ >} cn,k(m9£’a,BsY)-

b
z(n,k,oc,B,y) # 0 only if (m,42) >>(n—l,k—l). And so the summation
atmost runs through (m,£) e {(n+1,k+1), (n+1,k),(n+1,k=-1),(n+1,k-2),
,(n,k+2),(n,k+l),(n,k),(n,k-l),(n,k—Z),(n—l,k+3),(n—1,k+2),(n—l,k+l),
n-1,k-1)}. The coefficients can be computed by means of (8.4),

. (9.10), and by comparison with the case y = - }. The coefficients
Ch-1,k+2°n+1,k-3" n-1,k+3°n,k+2 and Ch k-2 turn out to be zero.

the nine remaining coefficients in (9.9) we obtain:

(n,k,0,B,Y) 1,

Cn+1,k+1

24(n+y+%)(n+a+y+%)(n+8+y+%)(n+a+8+y+%)‘
(2n+a+8+2y)3(2n+a+8+2y+1)

cn—l,k—l(n’k’a’B’Y)

k (k+a) (k+8) (k+a+B) (n+k+o+B) , (n+k+a+B+2y),
: (2k+a+8—1)3(2k+a+8)(n+k+a+8+y—%)3(n+k+a+8+y+%)

3

- (B=a) (o+B)
Cn+1,k(n’k’a’B’Y) "~ (2k+a+B) (2k+a+p+2) ’

_ 4(B=a) (a+B) (n+y+}) (nta+y+}) (ntBry+})
Ca1,k (ks B7) = (Zicta+B) (2k+a+p+2) (2n+o+B+2y)

 (n+o+B+y+3) (n-k) (n-k+2y) (n+k+a+B+1) (n+k+a+p+2y+1)
(2n+a+8+2y+1)(n—k+y-%)(n—k+y+%)(n+k+a+8+y+%)2

_ 4k (k+a) (k+B) (k+a+g)
Cn+1,k—](n’k’a’8’Y) B (2k+a+8—1)3(2k+a+6)’

4 (n+y+}) (nto+y+i) (n+B+y+3) (nta+B+y+}) |
(2n+a+8+2y)3(2n+a+8+2y+1)

Cn—] ,k+1 (n,k,a,B,Y) =

(n—k—])z(n—k+2Y-1)2

°

5

3 1
(n-kty-3) 5 (n=kty—~)




(B—a) (a+B) (n—k) (n—k+2y)

g) cn’k+1(n,k,0c,8,y) B (2n+a+B+2y+1) (2n+a+B+2y+3) (n-k+y-3 y+3)’

_ 4(B-a) (o+B)k(k+a) (k+B) (k+a .
h) cn,k-l(n’k’a’B’Y) " (2n+o+B+2y+1) (2nt+o+R+2y+3) (2k+o+B- +a+B)

.(n+k+a+8+l)(n+k+a+8+2y+l)

(n+k+a+8+y+%)2 ’
i) cn’k(n,k,a,s,y) = an_l’k_l(n,k,a,B,y)—an’k(n+1,k+l,u,B
+1’k(n’k’a,B’Y)an’k(n*’l31{’0"61Y)_Cn+],k_1(nsk’u’BsY)an’k(n'*'] »B85Y)
,k+1(n’kao"’BsY)an’k(n’k"'l:OL,B’Y)'
= -} then ¢ . (n,k,a,B,-1) is given by:
n,k
2 2
iy _1y = (a+B) " (B-a)
L) cn,k(n’k’a’e’ 2) (2n+a+R) (2n+a+B+2) (2k+a+B) (2k+o+p+2
la (9.9) holds, with the coefficients given by (9.12), for a
> 0, where the convention (9.5) is used again.
Formulas (9.6) and (9.9) together give an algorithm for calc g
{(u,v). If n# k then’pi’E’Y(u,v) can be expressed in terms wer
b
> polynomials by the five-term relation (9.6). If n = k then
des a six~term relation which expresses pz’i’Y(u,v) in terms wer
5

2 polynomials.
QUADRATIC TRANSFORMATION
The reflection u - - u maps the region R onto itself and tra s
aightfunction ua’B’Y(u,v) into uB’a’Y(u,v). Hence, in view o ni-

2.1 the following equality holds:

asBsy - (- n-k B,a
) ) (-u,v) (-1) Phok

sY
n.k (u,v).




a = B, then (10.1) becomes:

-k_a
.2) Y ) = DT Y ()

rmula (10.2) means that if (n-k) is even, then pg:%’Y(

aaasY(

nial in u2 and v, and if (n-k) is odd, then u_lpn K
b

1l in u2 and v.

Consider now the new variables:
] 7 2
).3) u' = 2v, vl =u - 2v - 1.

sse variables satisfy the following properties:

) Each polynomial in u2 and v is a polynomial in u' a

i) The half region R given by R n {(u,v)|u>0} is mappe
R = (') | (I+u'+v") > 0 A (I-u'+v') > 0 A ((u')?

i) If (u,v) = (2,1) then (u',v') = (2,1).

ne transformation of variables u' = -2v and v' = u2 -

es (1) and (ii)).

om (10.3) we obtain:

u=V1+u"+v', v = lu',
0.4) (1+u+v) (1-u+v) = ﬁ((h')z—Qv'),uz-Qv = |-u'+v'

-1
dudv = ((1+u'+v') 2du'dv’'.

a = B the following quadratic transformation formulas

EOREM 10.1.
Qy0,Y = Nk Y,=3,0, 4,
0.5) n+k,n_k(u,V) 2 Pp ok (u',v'),
d
- - 1
0.6) 1 a,0,Y (u,v) = 2 n+k Y’+2’a(u',v'),

n+k+1,n-k n,k

th u' and v' given by (10.3).




- ...
F. pnik’l_k(u,v) = ) ai.ul Iy,

’ (i,j)<(n+k,n-k) *J
i-j) is odd then a; . =0, sowe can substitute i - j = 22 and

i = 2m. By (8.2) (i.3) < (n+k,n-k) iff (m,£) < (n,k). Hence:

2.2 m-{

a
930,y aé Z(u Yoy
s

n+k ,n-

p k(u,V)

)
(m, £)<(n,k)

1}

y a" K(u2—2v—l)[’(2v)m—[’
(m, )< (n,k) ™

-n+k

]

a; z(u')m_%vg, with a; K = 2
(m, )< (n,k) >

respect to the orthogonality the following holds:

0 = f pa,a,y_ (u,v) (2v) z(uz-Zv-ljeua’a’Y(u,v) dudv =
R n+k,n-k
= const ffpa,@,Y (u V)(u')m—z(v')euY’_%’a(u' v')du'dv'
) ] n+k,n-k" > s

if (m,2) < (n,k).
#

ication of theorem 8.2 proves (10.5). A similar proof can be given

(10.6). U

u,v) = (2,1), then (u'v') = (2,1); hence (10.5) and (10.6) can also

ritten as:

o, 0 -1a 2
' n;k’l_k(u,v) pl’kz’ (2v,u"-2v-1)
5) 9 - k) T ,
Q,CQ,Y YsT2,0
n+k,n—k(2’l) Ph.k (2,1)
2u—] &> %Y (u,v) pY’+%’a(2v u2—2v—1)
6)" n+k+1,n-k "’ _ _n,k ?
A0, Ys+i,a
n+k+1,n—k(2’l) n,k (2,1

ulas (10.5) and (10.6) in combination with (2.15) and (3.2) give an
icit expression for the polynomials pg’E’Y(u,v) if o and B are +j or-i:
5
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n-k, v,y YsY YsY YooY .
{2 {Pn+k(X)Pn_k(y)+pn_k(x)pn+k(y)} if k >0

=1 1
).7) pnzé 2’Y(ny,x2+y2—1) =
? n_Y,Y YsY . _
[2 P (X)pn (y) if k=0
+3,73,Y 2,02 0y 2ok 3Tl oY YoY (oyon Y2 Y (oYY
). 8) Ph.k (2xy,x +y -1) =2" " (x~y) {pn+k+1(X)pn_k(y) pn_k(X)pn+k+,(y

-1,+} 2, 2 n-k -1
25725Y 1) = YsY YsY Y'Y YsY
0.9) Py (2xy,x"+y"=1) =2° “(x+y) “{p_ 1, ., Op 2 &+p 7 p b (v

1

+3,+4, 2. 2 n-k, 2 2 , ,
)'IO)Pnzﬁ Y (2xy, x4y -1) =2" “(x-y ){plll+2(x)plil(y)—pl_l(x)pl+l+2(y
9
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